Griffiths Electrodynamics 5e: Problem 1.52 Page 1 of 3

Problem 1.52

For Theorem 2, show that (d) = (a), (a) = (¢), (¢) = (b), (b) = (¢), and (c¢) = (a).

Solution

Theorem 2 says that the following conditions are equivalent.

) V- F =0 everywhere.

b) [[ F-dS is independent of surface for any given boundary line.

(c) ¢F -dS =0 for any closed surface.
)

(d) F is the curl of some vector function: F =V x A.
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(a) = (c)

Assume that V - F = 0 everywhere and show that ¢p F - dS = 0 for any closed surface.
V:-F=0

Integrate both sides over any volume D with surface, bdy D.

/é/(V-F)dV:/é/(O)dV

Use Gauss’s theorem on the left and evaluate the integral on the right.

F-dS=0

bdy D
(c) = (b)

Assume that
F-dS=0
bdy D
for any closed surface, bdy D. Use Gauss’s theorem to turn this surface integral into a volume
integral over the enclosed volume D.
// V:-FdV =0
D

Since this holds for any volume, V - F = 0 everywhere. And that means there exists a vector
potential function A such that F =V x A. Consider the integral of F over an arbitrary open
surface S with boundary line, bdy S, and use Stokes’s theorem.

/S/F-dS:/!(VxA)-dS: 515 A-dl

bdy S

Regardless of what S is, the surface integral is always equal to a line integral over the boundary.

(b) = ()

Assume that

//F-dS

S
is independent of surface S for any given boundary line, bdy S. This implies that F is the curl of
a vector potential function: F =V x A. By Stokes’s theorem, then,

/ZF-dS:/S/(VxA)-dS: yﬁ A - dl,

bdy S

but this is not important. What is important is the closed surface integral of F.

#F-dS:#(VXA)-dS: 7§ A-dl:/ A-dl=0

S S bdy S

It’s zero because the boundary line of a closed surface is a single point.
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(c) = (a)

Assume that
F-dS=0
bdy D

for any closed surface, bdy D. Apply Gauss’s theorem to turn this surface integral into a volume

integral.
///D(V -F)dvV =0

Since this is true for any volume D, V - F = 0 everywhere.
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